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Rotation of a rigid diatomic dipole molecule in a
homogeneous electric field

IV. New phase-integral quantization conditions, very accurate for
arbitrary values of the magnetic quantum number, expressed in
terms of complete elliptic integrals: survey of their accuracy

By J. EseEmarLm AND K. LARSSON
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Department of Theoretical Physics, University of Uppsala, Box 803,
S-751 08 Uppsala, Sweden

New quantization conditions for the energy levels of a rigid diatomic dipole molecule
in a homogeneous electric field of arbitrary strength, obtained by means of a phase-
integral method involving phase-integral approximations of arbitrary order
generated from two particular choices of the base function, are expressed in terms of
complete elliptic integrals in the first, third and fifth order of the phase-integral
approximation. Previous results, derived for one convenient choice of the parameter
£, in the base function, namely £, = 3|m|, where m is the magnetic quantum number,
are used, and new formulas are derived for the other convenient choice £, = 0. The
accuracy of the eigenvalues obtained from the quantization conditions is dem-
onstrated in a number of diagrams.
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1. Introduction

This paper is the fourth in a series concerning the energy levels of a rigid diatomic
dipole molecule rotating in a homogeneous electric field. The previous three papers
(this Volume) will be referred to as I, IT and I11. New quantization conditions, valid
for arbitrary strengths of the electric field, were obtained in I by means of a
phase-integral method involving a phase-integral approximation of arbitrary order
generated from an a prior: unspecified base function. The field-free case as well as the
limiting cases of very weak and very strong fields were reviewed in II. With a
particular choice of the base function, expected to be especially useful for sufficiently
large absolute values of the magnetic quantum number m (but useful even for small
values of |ml|), some of the results in I were used in III, where a quantization
condition was expressed in terms of complete elliptic integrals in the first, third and
fifth order of the phase-integral approximation. The results in III are used in this
paper to express a more general quantization condition in I, corresponding to the
same choice of base function, and thus expected to be useful for all sufficiently large
values of |m|, in terms of complete elliptic integrals. Quantization conditions,
generated from another choice of the base function, appropriate for sufficiently small
values of |m|, are also expressed in terms of complete elliptic integrals in the first,
third and fifth order of the phase-integral approximation. The present paper thus
completes the investigation in III.
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66 J. Ejemalm and K. Larsson
According to the equations (2.15) and (2.17) in I we have

d2
d——;;+R(z)v=o, (1.1)

_ WHowz  1-—m?

where R(z) 1—22 " (1—22)%

(1.2)

the dimensionless quantities W, w and z being defined by equations (2.3), (2.10) and
(2.12) in I, i.e.

21
W=%2—E, (1.3)
21
w=ﬁpff’ (=0), (1.4)
2z = cost, (1.5)

where £ is the energy, I is the moment of inertia about an axis through the centre
of mass and perpendicular to the internuclear axis, p is the electric dipole moment,
and F is the electric field strength with a direction corresponding to & = 0 in spherical
polar coordinates. We obtain the eigenvalues of W by solving the differential
equation (1.1) with the boundary conditions

v(£1) = 0. (1.6)

2. The base function

The phase-integral treatment of the eigenvalue problem (1.1) with (1.2) and (1.6)
is given in I, where phase-integral quantization conditions of arbitrary order are
given. Different quantization conditions arise for different choices of the base
function, @(z), from which the phase-integral approximation of arbitrary order is
generated. According to the equations (3.8) and (3.22) in I, a convenient choice for
the square of the base function is

_Wtitwz 48
12 (1=

@*(2) (2.1)
where there are two natural choices for the constant &, namely &, = 4m| when |m| is
sufficiently large, and £, = 0 when |m]| is sufficiently small, both choices yielding the
energy eigenvalues exactly for w = 0.

The choice &, = §lm| > 0 was dealt with in III using the quantization condition
(4.12a) in I, which is a limiting form of the more general quantization condition
(4.11a) in I. The results were expected to be good for sufficiently large values of |m],
but they were shown to be useful even for |m| = 1. The general quantization
condition (4.116) in I, pertaining to the case when £, =0, and its limiting forms
(4.12a) and (4.12b) in I were also investigated in III in the case when m = 0. In this
paper we extend the latter investigation to the case when m may be different from
zero, thus completing the case when £, = 0. The general quantization condition
(4.11a) in Iis also investigated in a general way with the use of the results in ITI, thus
completing the case when £, = §lm| > 0. In all cases the quantization conditions are
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Rotation of a dipole molecule. IV 67

expressed in terms of complete elliptic integrals, and the accuracy of the results is
investigated.

(@) The case when &, = Ym| > 0 and v > 0
With £, = 3lm| the expression (2.1) takes the form

_Wtitwz m?

@E = (22
i.e. when |m| > 0 and w > 0,
2 _ . (@—2)(z2—b)(z—¢)
Q* ) = w =27 , (2.3)

where the zeros of Q*(z) are denoted a, b and ¢. When W is an eigenvalue, the zeros
satisfy according to equation (2.5) in III the inequalities

c<—l<b<a<+1, b <a. (2.4)

We make (2) single-valued in the complex z-plane by introducing cuts along the real
axis between z = — o0 and z = ¢ and between z = b and z = a, and we define (z) to
be positive on the upper lip of the latter cut (see figure 1).

(b) The case when &, =0 and v >0
With £, = 0 the expression (2.1) reduces to

_ WHitoz

@@ =, (2.5)
i.e. when w >0, Q) = w(z—t)/(1—2), (2.6)
where t=—(W+3)/o. (2.7

The function @%(z) has a single zero at z = ¢t and two simple poles at z = £ 1. It was
shown in ITT that, when W is an eigenvalue, one has either t < —1 (figure 2) or —1 <
t <+1 (figure 3). As can be seen from (2.7) and figure 11 in III, the case ¢t < —1
corresponds to comparatively small values of w, whereas the case —1 <t<+1
corresponds to comparatively large values of w; see also the caption to figures 2 and
3 in I. We make @(z) single-valued in the complex z-plane by introducing convenient
cuts. In the case t < —1 cuts are introduced along the real axis between z = — 0o and
z =t and between z = —1 and z = + 1, and ¢(2) is defined to be positive on the upper
lip of the latter cut (see figure 2). In the case —1 < ¢ < +1 cuts are introduced along
the real axis between z = —o0 and z = —1 and between z =t and z = +1, and @(z)
is defined to be positive on the upper lip of the latter cut (see figure 3).

3. Phase-integral quantization conditions

The energy eigenvalues of (1.1) are in the (2N+1)th-order phase-integral
approximation obtainable from the quantization condition (4.11a) in I, when §, =
3lm| > 0 and |m]| is sufficiently large, and from the quantization condition (4.110) in

Phil. Trans. R. Soc. Lond. A (1994) 3-2
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68 J. Ejemalm and K. Larsson

I, when £, = 0 and |m| is sufficiently small. These two quantization conditions, which
will be recalled below, contain the common quantities given by the equations (3.17),
(3.18), (4.3), (4.4) and (4.5)in I, i.e.

N
P =3 gosn (3.1)
§=0
where g =1 f 7, Q(2) dz, (3.2)
A
and
4 = —g(Im| = 1) n+arg I'Glm|+3+in) — £y (arctg (1,/£,) —in)
N
—n (E2+ 924+ X 4@, (3.3)
§=0
N
where N =2 Ny (3.4)
§=0
with s = — | Zys Q(2)dz, (3.5)
2m i

where the first few Z,, are obtained from the equations (3.6a—c) and (3.5) in I, with
R(z) given by (1.2) and @?(z) given by (2.3) when &, = 3lm| > 0 and by (2.6) with (2.7)
when &, = 0. The closed contours of integration 4 and 4 in (3.2) and (3.5) depend on
the choice of £, and, when £, = 0, also on the position of the zero ¢ given by (2.7) (see
figures 1, 2 and 3). The quantities 4®*V are for s =0, 1,2 given in terms of the
quantities 5, by the equations (4¢.6a—c) and (4.7a—c) in I, pertaining to the case when
£, = 3lm| > 0 and the case when £, = 0 respectively.

As a consequence of the form of the expression (2.1) for @*(z) the quantities .25+
and 7, can be expressed in terms of complete elliptic integrals of the first kind, K(k),
the second kind, K(k), and the third kind, II(a?, k), where k is the modulus and o? is
the parameter of /1. The complementary modulus £, which will also be used, is
related to k£ by the equation

k= (1—k?): (3.6)

(a) The case when &, = Ym| > 0 (figure 1)
The quantization condition is given by equation (4.11a) in I, i.e.
L =n+ml+3)n—4, n=0,1,2,..., (3.7)

where Z and 4 are given by (3.1) and (3.3) respectively. The quantities 4@+ in A
are for s = 0,1,2 given by the equations (4¢.6a—c) in 1.

The phase 4 takes into account the possibility that the zero ¢ may lie close to the
pole at z = —1, and when this is the case (3.7) is expected to be more accurate than
the quantization condition (4.12a) in I. When b moves away from — 1, the phase 4
tends to the constant value jm (cf. equation (4.8") in I). We thus obtain equation
(4.12a) in I as a limiting case of (3.7), i.e.

L =mn+ml+HhHn, n=0,1,2,..., (3.8)
which is preferable to use when b is well separated from the pole at z = —1.

Phil. Trans. R. Soc. Lond. A (1994)
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-0%2)
(@)

®) A

(c)

Q=10 Q=-Q| 0=ilQ| 0=l0 Q=Hlgl Q=10

¢ -1 b al

Figures 1-3. 1(a). Graphical representation of —@?*(z), defined by (2.1), when £, = 3lm| > 0 and
o > 0. 2(a). Graphical representation of —@?(z), defined by (2.6), when £, =0 and t < —1. 3(a).
Graphical representation of —@?(z), defined by (2.6), when £, =0 and —1 <¢ < +1. 1-3(b) The
contours of integration 4 and A in the complex z-plane. The whole of A and the part of 4 which
lies in the complex z-plane under consideration is in each figure indicated by a solid line, and the
part of A4 which lies on the adjacent Riemann sheet is in each figure indicated by a dashed line.
1-3 (c) Phase chosen for the base function @(z) in the complex z-plane under consideration. Cuts are
denoted by wavy lines.

The limiting case (3.8) has been treated in I1I, and we shall use the expressions for
L@+ obtained there to obtain expressions for the quantities 7,,.

The contour A in (3.2) encircles in the negative sense the poles of @*(z) at z = +1,
but not the zero c. The integrals £ ®*1 are for s = 0,1,2 given by the equations
(3.21a—c) in III, and the functions g**V(k, a2, a2) appearing in these equations are

Phil. Trans. R. Soc. Lond. A (1994)
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~-0%2)
(@)
p— +
t -1 1 z

(b)

A A

(NN

LS =/ 1
©

Q=10 Q=-lQ| Q=10 Q=ilQ|

t -1 1
Figure 2. For details see figure 1 caption.

expressed in terms of complete elliptic integrals by the equations (3.19a—c) in III,
with the square of the modulus, k% and the parameters o? and a2 given by the
equations (3.9) and (3.13a, b) in III. The contour A in (3.5) encircles in the positive
sense the zeros b and ¢, but not the zero a (cf. figure 1). We can obtain the expressions
for #,, from the expressions for ##*V by making use of the appropriate values of the
modulus & and the parameters a} and «3. Thus we obtain

No = —gV(k,af, ad)/m, (3.90)
Ny = +gO(k, 0, 03)/m, (3.9b)
Ny =—g?(k,af, o) /m, (3.9¢)

Phil. Trans. R. Soc. Lond. A (1994)
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-0%2)
(@)

(b)

()
o=10| 0 =ilQ| 0 =|0| 0 =ilQ|

-1 t 1

Figure 3. For details see figure 1 caption.

where the functions g®*V(k,a? a2) for s =0,1,2 are defined by the equations
(3.19a—c) in I1I with the square of the modulus, k%, and the parameters af and af now
given by

k? = (b—c)/(a—c), (3.100a)
a=(b—c)/(1—c) (>0), (3.100)
ai=(b—c)/(—1—c) (>0). (3.10¢)

For an alternative way of representing the integrals #®*Y and 7,, we refer to
Appendix A.

Phil. Trans. R. Soc. Lond. A (1994)
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72 J. Ejemalm and K. Larsson

(b) The case when &, = 0 (figures 2 and 3)
The quantization condition is given by equation (4.1156) in I, i.e.

L= (n+Yml+Y)n—4, n=0,1,2,..., (3.11)

where ¥ and 4 are given by (3.1) and (3.3) respectively. The quantities 4@+ in 4
are for s = 0,1,2 now given by the equations (4.7a—c) in I.

The phase 4 takes into account the possibility that the zero ¢ may lie close to the
pole at z = —1, and when this is the case (3.11) is expected to be more accurate than
the quantization conditions (4.12a) and (4.12b) in I. When ¢ in figures 2 and 3 moves
far away from —1 the phase 4 tends to the limiting values (}—3m|)m and in
respectively; see equations (4.8’) in I. Thus, when ¢ < —1, we obtain from (3.11) the
quantization condition (4.12a) in I, i.e.

L =(m+n+dn, n=0,1,2,..., (3.12)

and when —1 <t < +1 we obtain from (3.11) the quantization condition (4.125) in
I, ie.
&L = (@gml+n+yn, n=0,1,2,.... (3.13)

The quantization condition (3.11) and its limiting forms (3.12) and (3.13) have been
treated in I1I only in the case when m = 0. The investigation in III is in the present
paper extended to the case when m may be different from zero.

The procedure for evaluating the integrals £tV and 7, in terms of complete
elliptic integrals consists essentially in decomposing the integrands into partial
fractions until integrals of the types given in Byrd & Friedman (1971) appear (cf. §3
in IIT).

(i) The subcase to & = 0 when t < —1 (figure 2)

The contour 4 in (3.2) encircles in the negative sense the poles + 1, but not the zero
t (see figure 2b). The results are

2w\
P = 2(73) E(k), (3.14a)
1—3m? [ k22
7 - (%) (2— k%) [K(k)—B(k)]— k2K (k)), (3.140)
2\3
2® = Qgglo—k,-g(;—w) [((120m4 — 240m? + 56) k& + (— 105mA + 570m? — 145) k$

+ (— 135m4 — 450m2 + 129) k* + (480m* — 240m? + 32) k?

+ (—240m* + 120m2 — 16)) [K (k) — B (k)]

— ((60m* — 120m? + 28) k® + (— 45m* + 270m2 — 69) k*

+ (225m* — 450m® + 105) k2 + (— 120m* + 60m?2 — 8)) k2K (k)], (3.14¢)
where k= (2/(1—1t) (3.15)

When we put m = 0 in (3.14a—c), we obtain the equations (3.22a—¢) in III.
Phil. Trans. R. Soc. Lond. A (1994)
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10°

1075 §:

10—10

100

1073

1 0—10

10°

1073

10710

10°

1073

10-—10

1073 100 10°
field strength parameter, @

Figures 4-9. Envelope curves representing the magnitude of the absolute error in the approximate
energy eigenvalues W against w. These envelopes are constructed such that the absolute value of
the error is less than or equal to the error indicated by the envelopes (cf. figures 4 and 7¢ in III).
Figures 4-9 refer to the quantum numbers [m| = 0, 1, 2, 3, 4 and 5 respectively. Figures 5-9 consist
of two columns of diagrams, where the left column (a) refers to the case when &, = m| > 0, i.e. to
the quantization conditions (3.7) and (3.8), whereas the right column (b) refers to the case when
&, = 0,1i.e. to the quantization conditions (3.11) and (3.12) or (3.13). Since we are thus left with only
one possible choice, namely &, = 0, when m = 0, figure 4 consists of only one column of diagrams.
For each value of |m|, the error in the eigenvalue W obtained in the first (solid line), third (dashed
line) and fifth (dotted line) order of the phase-integral approximation is shown for the quantum
numbers n = 0 (i), 1 (ii), 2 (iii) and 5 (iv). The curves denoted by the digits 1, 3, 5" and 1, 3, 5 in
the figures refer to the order of the phase-integral approximations in the cases when the eigenvalues
are obtained from the quantization conditions (3.7) and (3.11), and in the cases when the
eigenvalues are obtained from the quantization conditions (3.8), (3.12) and (3.13) respectively.

The contour 4 in (3.5) encircles in the positive sense the zero ¢t and the pole —1,
but not the pole +1 (see figure 2b). The results are

2 20\
No = —E<-,5fi;) (K (k)—HE(k)], (3.16a)

Phil. Trans. R. Soc. Lond. A (1994)
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(@) (b)
100
10—10
100
w
1073
-0 P
10°
1073
10—10
10°
1073
10—10
1073 10° 10° 107 10° 10
field strength parameter, @
Figure 5. For details see figure 4 caption.
1—3m? (k2\:
=—— 1)[K(k)—E(k)]—2k*K .16b
1= o (Qw) ((k2+1) [K (k) — B (k)] — 2°K (k) (3.16)
Ny = 1 k—/z %[((120m4—240m2+ 56) k® + (—375m* + 390m? —79) k*
Y 2880mk° \ 20
+ (270m* — 180m* + 30) k* + (— 375m* + 390m* —79) k?
+ (120m* —240m* +56)) [K (k) — E (k)]
— ((60m* —120m?® + 28) k° + (— 180m* + 180m* — 36) k*
+ (— 180m* + 180m?2 — 36) k* + (60m* — 120m* + 28)) k*K (k)], (3.16¢)
where k= ((t+1)/(t—1)). (3.17)

When we put m = 0 in (3.16a—c), we obtain the equations (3.30a—c) in I11.
For an alternative way of representing the results in this subsection we refer to
Appendix B.

Phil. Trans. R. Soc. Lond. A (1994)
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(a) (b)
100

10—5 i

jo—to B

100

1075

10710

100

10™3

10710

100

1073

10—10

1073 100 10° 107 0> 10
field strength parameter, @
Figure 6. For details see figure 4 caption.

(i1) The subcase to £ =0 when —1 <t < +1 (figure 3)

The contour A in (3.2) encircles in the negative sense the pole +1 and the zero ¢,
but not the pole —1 (see figure 3b). Defining the functions

(k) = 2(2w)%(—[K(lc)—E(lc)]+Ic2K(lc)), (3.184a)
GV () — _1___% _ 92 _ 2

h® (k) 1216%,2(2(0)%((1 2k%) [K(k)—E (k)] + k2K (k)), (3.18b)
5 — ___1_L 4__ 2 8

WO (k) = PRTYAIAT (2w)%[((240m 120m2+16) k

+ (105m — 570m2 + 145) k2 + (— 120m?* + 240m? — 56)) [K (k) — E(k)]

— ((120m* — 60m? + 8) & + (— 225m* + 450m? — 105) k*

+ (45m* — 270m? + 69) k2 + (— 60m* -+ 120m? — 28)) k2K (k)], (3.18¢)
Phil. Trans. R. Soc. Lond. A (1994)
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(@) (b)
100
]0—5 31
10-10 5
100
w v
107543
10-—10
10°
1073
1010
100 7
"
1073 43
10710
1073 10° 100 1073 10° 103
field strength parameter,
Figure 7. For details see figure 4 caption.
we obtain
LY = p(k), (3.19a)
LD = hO(k), (3.190)
FLE = pO(k), (3.19¢)
where k= (31—t (3.20)

When we put m = 0 in (3.19a—c) with (3.18a—c) and (3.20), we obtain the equations
(3.24a—c) in I11.

The contour A in (3.5) encircles in the positive sense the pole —1 and the zero ¢,
but not the pole +1 (see figure 3b). We can obtain the expressions for #,, from the
expressions for @+ by making use of the appropriate value of the modulus k. The
results are

7o = +hV(k)/m, (3.21a)

7, = —h® (k) /x, (3.21b)

= +h®(k)/m, (3.21¢)

where k (1 +1)). (3.22)

When we put m = 0 in (3.21 a—c) with (3.18a—c) and (3.22), we obtain the equations
(3.32a—c) in II1.
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Figure 8. For details see figure 4 caption.

For an alternative way of representing the results in this subsection we refer to
Appendix B.

4. Investigation of the accuracy: conclusions

The accuracy of the eigenvalues W obtained from the quantization condition (3.7),
pertaining to the case when &, = im| > 0, and the quantization condition (3.11),
pertaining to the case when £, = 0, and their limiting forms (3.8) and (3.12) or (3.13),
respectively, is demonstrated in figures 4-9 for m = 0, 1, 2, 3, 4, 5 from which it is
seen that the quantization conditions and their limiting forms become better with
increasing order of the phase-integral approximation (at least up to order 5) with
only a few minor exceptions.

The magnitude of the absolute error in W obtained from the two quantization
conditions which include the phase 4, is almost independent of the values of w; see
the curves denoted by primed digits in figures 4-9. The error in W obtained from the
limiting forms of the quantization conditions is small for small values of w and
(except for the first order of the phase-integral approximation) also for large values
of , while the error for intermediate values of w is larger, giving rise to a pronounced
peak; see the curves denoted by unprimed digits in figures 4-9.

The above-mentioned regions of intermediate values of w, where the quantization
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Figure 9. For details see figure 4 caption.

conditions (3.7) and (3.11) usually are more accurate than their corresponding
limiting forms, i.e. (3.8) and (3.12, 13), respectively, are empirically seen from the
figures 5-9 to coincide for both choices of base function and the same set of values
of |m| and n. In the case £, = 0 (figure 4 and the right columns of figures 5-9) no
solution to the limiting forms (3.12) or (3.13) of the quantization condition might
even exist when the zero denoted ¢ lies close to the pole —1, which case corresponds
to the situation when w is close to W+1% according to (2.7). The simple quantization
condition (3.12), which is valid when ¢ < —1, is applicable to the left of the peak of
each curve, and the simple quantization condition (3.13), which is valid when —1 <
t <+1, is applicable to the right of the peak of each curve.

In the first-order approximation, (3.7) will yield fairly poor accuracy of W for all
values of n, |m| and w, while (3.11) will cease to be useful for |m| > 1 in the region of
intermediate and large values of w. If we wish to obtain the energy eigenvalue W with
a reasonable accuracy for all values of w by means of one of the two quantization
conditions (3.7) or (3.11), we should therefore exclude the results of the first-order
phase-integral approximation. In the first, third and fifth order of the phase-integral
approximation, the accuracy of W obtained by means of (3.11) will slowly decrease
for fixed value of n, when |m| increases from the value 2. On the other hand, if we
choose §, = 0, the quantization condition (3.11) must be used for |m| =0 and n > 1
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as well as for |m| > 0 and arbitrary values of # in the intermediate region of values
of w, where the limiting forms of this quantization condition, i.e. (3.12) or (3.13),
become useless. For both quantization conditions (3.7) and (3.11) the accuracy of the
third- and fifth-order approximations of W increases for fixed value of |m|, when the
value of n increases.

If we ask the question which quantization condition gives the best approximation
of the eigenvalue W, the following rules apply. If we compare the quantization
condition (3.7) with the quantization condition (3.11) and compare the limiting form
(3.8) with the limiting form (3.12) or (3.13), and make this comparison order by
order, we observe that for |m| =1 the accuracy of the eigenvalues obtained are
comparable, apart from the regions of intermediate values of w where (3.12) and
(3.13) become useless, while for |m| larger than 1, the quantization conditions which
pertain to the case when &, =4m| >0, i.e. (3.7) and (3.8), are preferable. The
quantization condition (3.7) should be used in the region where the curves pertaining
to the quantization condition (3.8) has a peak, i.e. in the region around the point
where the relation @ = W+} holds. Outside this region the quantization condition
(3.8) should be used. When |m| is large and n is at the same time small, the gain in
accuracy achieved by the use of the quantization condition (3.7) decreases; e.g. when
|m| = 3 and n = 0 the limiting form (3.8) should be used in the fifth order of the
phase-integral approximation for all values of w.

The least and the next least accurate energy eigenvalues are obtained in the centre
of the intermediate region for |m| =n = 0 and for |m| = 1, n = 0 respectively (see
figures 4 and 5). The highest accuracy we can get there for these quantum numbers
is obtained by means of the quantization condition (3.11) in the fifth order of the
phase-integral approximation, which yields an absolute error of less than 0.01 and
0.001 respectively. In most cases, however, and especially when |m| > 1, the absolute
error in the eigenvalues obtained from the quantization condition (3.7) in the centre
of the intermediate region, and its limiting form (3.8) on both sides of the
intermediate region, in the fifth order of the phase-integral approximation is
considerably less.

Thus we have shown that the phase-integral method is capable of giving good, and
often extremely good energy eigenvalues for a rigid diatomic molecule in a
homogeneous electric field of arbitrary strength, for all values of the quantum
numbers m and n.

We thank Professor Nanny Froman and Professor Per Olof Froman for their support during the
work, and for their constructive criticism of the manuscript. We also thank Dr Finn Karlsson for
fruitful discussions and Anders Hokback for valuable advice during the work on the computer.

Appendix A

The integrals £ %Y and 7,, given in §3a and pertaining to the case when £, =
3m| > 0 can be presented in more condensed form when the modulus % and the
parameters o? and o2 are chosen in other ways. Thus, defining

2

20(a?—k?) (k?—a?
ot = o (O

(o —a3)?

)E((a%—aé)E(k) — (1 —a2) (*—a2) [T(e2, k)

+(1—ag) (k*—af) (a3, k), (A la)
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kk' a?—o? :
E(m(a%—l;z):"(lzcz—aé)?') [((2 = 1) arery = (k+ 1) (et + )

— (k*—2)) [K(k)—E(k)]+ (—af o3 +2(af + o) — 1) kK (k)], (A 1b)
k3k’3< ol — ol
2880\ 2w (o2 — k%)% (k> —al
— 165042 + 1008) o2 (o2 + 02) + (— 17924° + 3584k — 2082k*

+ 20042 + 2) &b b + (245 + 290k — 20824 + 3584k — 1792)

+ (268845 — 51125 + 27274 — 3094%) o ok (o + o)

+(— 309k + 2727k* — 5112k* + 2688) (a2 + o) + (— 1680%®
+30964° — 1644%* + 234K* — 168) ot ol

+ (— 168KS + 234K° — 1644K%* + 3096k — 1680) a o2 + ( — 10083
+1752k% — 804 k" + 6642 — 42) o2 a2(0® + )+ (— 42k® + 66 k°

— 8044* + 1752k — 1008) (a2 + a2)? + (56K — T

+30k* —T9k%+56) (o +a2)®) [K(k)— E(k)]

+ ((—504k® +762k* + 762k> — 504) o2 al(od + oe3) + (— 28Kk + 36k*
+ 362 — 28) (3 + 62)® + (8964° — 1680%* + 873k — 91) of o
+(—91k5 + 873k* — 1680k* + 896) + ( — 1344k° + 2388%*

— 112812 +90) ot ad(02 + c2) + (90F — 1128%4 + 2388k* — 1344)

X (o3 +ad) + (840k® — 1443k* + 681k* + 84) of oy + (8445 + 681k*
— 1443K% + 840) o2 o3 + (5044° — 813%* + 3244% + 21)

X o2 (o2 + 02)? + (21K + 324k — 813K + 504) (o2 + 02)%) k2K (k)], (A Le)

)3>§ [((1008%° — 1650/ -+ 768K

LD = fO(k, a3, 03) +|m| (A 24)
L = fO(k, a3, a3), (A 2b)
LO = fOk, a3, a3), (A 2¢)
s (a=b)(1—c) . 1—c
= asoa=n Fimp O (A 2d)
,_ (a=b)(1+c) ,1+c
B amoirh) P ivp (SO (& 2¢)
., _a—b
k=, (A 2f)
N0 = +f Ok, af, o) /m, (A 3a)
N, =—fP(k, 0}, a3)/m, (A 3b)
Na = +f(5)(k> OC%, ag)/TC, (A 30)
g=0ZAUTD _pltd (), (A 34)
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ol = Ez:z))((i_‘;;=kzi:‘z (> 0), (A 3¢)
B0 (A 3)

Appendix B

The integrals £+ and #,, given in §3b (i), (ii) and pertaining to the case when
£, = 0 can be written in the more condensed form

$(2s+1) — O(2n+1)(a(2n+1)E(k/)+b(2n+1)K(k/)), t < — 1} (B 1)

g(zs+1) — Ct(2n+1) [a(2n+1) (k/E(l/k/) + sz(l/k/))
k/

+b‘2"+1)1&%{—k—)}, —1<t<+1, (B2)

0(2n+1)
Moy = ——— (@B () — K ()| —bE VK (K), ¢ <—1, (B 3)

(2n+1) / /
n28=—0n [a<2n+1>(1c'E(ik/k’) K(ik/k) k) pen+n) lk/k ] —1<t<+1, (B4

where = (t+1)/(t 1))% (B 5a)
=( — k2, (B 50b)
2 20\ "
(2n+1) — —
o = (n+1)!(2n+1)!(2k2)n<n+1>/2(ﬁ) » n=0.12 (B6)
aV =1, (B7a)
a® = (k*+1)(3m?—1), (B7b

a® = (—8kS+ k® + 6k* + k* — 8) (15m* — 30m2 +7)

+ 72k — kA + k%) (5mt—Bm2+1), (B 7c)
b =0, (B 8a)
b® = —2k2(3mE—1), (B 8b)
b = 4(k® + k2) (15m® — 30m? +7) — 36(kS + k%) (5m* — 5m2 + 1). (B 8¢)

When —1 <t < +1, (B 3) remains valid, but the argument of the complete elliptic
integrals is not real. With this exception the arguments of the complete elliptic
integrals in (B 1), (B 2), (B 3) and (B 4) are real and lie between 0 and 1.
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